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FUNDAMENTAL GROUPS AS LIMITS OF DISCRETE
FUNDAMENTAL GROUPS
FEDERICO VIGOLO
Abstract. In this note we investigate to what extent the fundamental
group of a metric space can be described as the inverse limit of its discrete
fundamental groups. We show that some mild conditions suffice to imply
the existence of an isomorphism and we provide a list of counterexamples
to possible weakenings of these hypotheses.
1. Introduction
The discrete fundamental group (at scale 1) of a simplicial complex was
first introduced by Barcelo, Kramer, Laubenbacher and Weaver [BKLW01] as
a special case of A-theory—a general theory of connectivity of simplicial com-
plexes. Barcelo, Capraro and White [BCW14] later extended this definition
to the more general context of metric spaces and included in the definition a
parameter θ > 0 encoding the ‘scale’ of discretisation.
The discrete fundamental group pi1,θ(X,x0) consists of the group of discrete
closed θ-paths (finite sequences of points, x0 = z0, z1, . . . , zn = x0, with
d(zi−1, zi) 6 θ for every i = 1, . . . , n) up to θ-homotopy; see Section 2 for the
precise definition. For a (locally path connected) metric space X, pi1,θ(X,x0)
can roughly be thought of as a quotient of the fundamental group pi1(X,x0)
where all the loops of diameter at most θ are ignored.
The study of the groups pi1,θ(X,x0) already proved to be very fruitful (see
for example the survey [BL05]). When the parameter θ is large it can provide
rather strong coarse invariants [DK17, FNvL17, Vig17]. On the other hand,
the behaviour of pi1,θ(X,x0) as θ tends to zero has not yet been investigated
thoroughly. The following has been asked in [BCW14, Section 7]:
Question 1.1. Can the fundamental group pi1(X,x0) be recovered as some
sort of limit of pi1,θ(X,x0) as θ tends to 0?
In the same paper, the authors remarked that a natural choice of limit
would be the inverse limit lim←−pi1,θ(X,x0), since for every θ
′ < θ there is a
natural homomorphism pi1,θ′(X,x0) → pi1,θ(X,x0). Still, they also warned
that lim←−pi1,θ(X,x0) is not isomorphic to pi1(X,x0) in general, as can be easily
seen by considering X = R2 r {0}.
This note was born as a spin-off of [Vig17]. In that paper, we utilize
the relation between the fundamental group and pi1,θ(X,x0) for large θ to
produce coarse invariants of warped systems. Since the formalism developed
for that purpose could be applied for small parameters as well and proved
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to be useful in tackling problems such as Question 1.1, we thought it was
worthwhile to reorganise it in this self-contained note where we try to answer
the following modification of Question 1.1:
Question 1.2. For which metric spaces is the natural ‘discretisation ho-
momorphism’ (see Section 3) from the fundamental group pi1(X,x0) to the
projective limit lim←−pi1,θ(X,x0) an isomorphism?
The example of R2 r {0} suggests that completeness is a reasonable
requirement to ask for X. Moreover, the example of manifolds with cusps
illustrates the fact that compactness could be essential as well. It is fairly
easy to realise that local path connectedness is also required, and further
analysis suggests that semi-locally simple connectedness should be included
too (definitions are given in Section 2). Our positive result is that these three
conditions are actually enough:
Theorem 1.3. If a metric space X is compact, locally path connected and
semi-locally simply connected then pi1(X,x0) ∼= lim←−pi1,θ(X,x0).
Perhaphs more interestingly, we also provide a series of counterexamples
to possible extensions of Theorem 1.3. Indeed, we show that any combina-
tion of two of the three conditions above does not imply neither injectivity
nor surjectivity of the natural homomorphism pi1(X,x0) → lim←−pi1,θ(X,x0).
Extended arguments for the examples that we construct can be found in
[Vig18].
Remark 1.4. Our result is actually more general than what we state in the
introduction (see Theorem 3.2). This suggests that there might be room
for improvement, but we doubt it is possible to find meaningful ‘if and only
if’ conditions: one can always obtain ‘monstrous’ spaces X for which the
isomorphism holds trivially, for example by letting X be the contractible
space obtained by coning-off a ‘monstrous’ space Y .
Structure of the paper. In Section 2 we introduce the discrete fundamental
group of a metric space and recall some notions of general topology. In
Section 3 we prove Theorem 1.3, and in Section 4 and 5 we show that we can
construct counterexamples (to surjectivity and injectivity, respectively) if the
hypotheses are weakened.
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2. Notation and preliminaries
2.1. General topology. Throughout the paper X will always be a metric
space, B(x, r) will denote the open ball of radius r centred at x ∈ X, and
B(x, r) will be the closed ball. A homotopy between two paths γ, γ′ : [0, 1]→
X must keep the endpoints fixed, while a free homotopy is allowed to move
FUNDAMENTAL GROUPS AS LIMITS OF DISCRETE FUNDAMENTAL GROUPS 3
them. A closed path or loop is a path γ : [0, 1] → X with γ(0) = γ(1). We
say that a loop is null-homotopic if it is homotopic to a constant path or,
equivalently, if it is freely homotopic to a constant path (a free homotopy of
loops is not allowed to break the loops into open paths).
Recall thatX is locally path connected (shortened as l.p.c.) if for every point
x ∈ X and neighbourhood U of x there exists a neighbourhood x ∈ V ⊆ U
such that every two points in V are joined by a path in U (this is equivalent to
the fact that every point ofX admits a neighbourhood basis of path-connected
open neighbourhoods [Sak13, Lemma 5.14.4]). We say that X is uniformly
locally path connected (u.l.p.c.) if for every  > 0 there exists a δ > 0 such
that for every x ∈ X any two points in B(x, δ) are connected by a path γ
with image completely contained in B(x, ).
The space X is semi-locally simply connected (s.l.s.c.) if for every x ∈ X
there exists a (x) > 0 small enough so that every loop with image contained
in B
(
x, (x)
)
is null-homotopic in X (but is not necessarily null-homotopic in
the ball). We say that X is uniformly semi-locally simply connected (u.s.l.s.c.)
if it is semi-locally simply connected and one can choose (x) to be constant
(i.e. uniform over x ∈ X).
Remark 2.1. It is easy to show that if X is compact then both local path con-
nectedness and semi-local simple connectedness imply their uniform analogues
[Sak13, Proposition 5.14.8].
2.2. Discrete fundamental group. Let X be a metric space and fix a
parameter θ > 0. A discrete path at scale θ (or θ-path) is a θ-Lipschitz
map Z : [n] → X where [n] is the set {0, 1, 2, . . . , n} seen as a subset of R.
Equivalently, Z can be seen as an ordered sequence of points (z0, . . . , zn) in
X with d(zi, zi+1) 6 θ; we will use both notations throughout the paper.
We say that a θ-path Z ′ : [m]→ X is a lazy version (or lazification) of Z if
it is obtained from it by repeating some values, i.e. if m > n and Z ′ = Z ◦ f
where f : [m]→ [n] is a surjective monotone map.
Given two θ-paths Z1 and Z2 of the same length n, a free θ-grid homotopy
between them is a θ-Lipschitz map H : [n]× [m]→ X such that H( · , 0) = Z1
and H( · ,m) = Z2 (here the product [n]× [m] is equipped the `1 metric). A
θ-grid homotopy is a free θ-grid homotopy so that H(0, t) = Z1(0) = Z2(0)
and H(n, t) = Z1(n) = Z2(n) for every t ∈ [m].
Definition 2.2. Two θ-paths Z1 and Z2 are θ-homotopic (denoted by
Z1 ∼θ Z2) if they are equivalent under the equivalence relation induced
by lazifications and θ-grid homotopies. Equivalently, Z1 ∼θ Z2 if and only if
there exist lazy versions Z ′1 and Z ′2 of Z1 and Z2 which are homotopic via a
θ-grid homotopy.
If the endpoint of a θ-path coincides with the starting point of a second
θ-path, the two θ-paths can be concatenated. Since the operation of concate-
nation is clearly compatible with θ-homotopies, we can make the following
definition:
Definition 2.3 ([BCW14]). Let x0 be a base point in a metric space X. The
discrete fundamental group at scale θ (or θ-fundamental group) is the group
pi1,θ
(
X,x0
)
consisting of θ-homotopy classes of closed θ-paths with endpoints
x0, equipped with the operation of concatenation.
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Note that, given θ′ 6 θ, every θ′-path is also a θ-path and every θ′-homo-
topy is also a θ-homotopy. We therefore have a natural homomorphism
pi1,θ′(X,x0) → pi1,θ(X,x0) and we can hence consider the inverse limit
lim←−pi1,θ(X,x0) of this direct system. We will show in Section 3 that contin-
uous paths can be discretised—this will imply that there is a well-defined
homomorphism ̂ : pi1(X,x0)→ lim←−pi1,θ(X,x0).
Remark 2.4. If the image of a continuous path has diameter smaller than θ
then its θ-discretisation will be trivially θ-homotopic to a constant θ-path.
Moreover, every closed θ-path of length at most 4θ is θ-homotopic to a
constant path as follows: (z0, z1, z2, z3, z4 = z0) ∼θ (z0, z1, z1, z0, z0) ∼θ
(z0, z0, z0, z0, z0).
In some sense, the above is the only way in which loops become null-homo-
topic in pi1,θ. For instance, it is proved in [BKLW01] that the 1-fundamental
group of a graph is isomorphic to the fundamental group of the graph quo-
tiented by the normal group generated by all the loops of length at most 4
in the graph. Under the assumption of some ‘niceness’ properties, this fact
can be broadly generalised. For example, in [Vig17] we show that if X is a
geodesic metric space then pi1,θ(X) is isomorphic to the quotient of pi1(X)
where all the loops of length at most 4θ (up to free homotopy) are killed. In
this sense we can say that the θ-fundamental group is the quotient of the
fundamental group where short cycles are ignored.
3. The positive results
Given a continuous path γ : [0, 1]→ X and a sequence of times 0 = t0 6
t1 6 · · · 6 tn = 1, we say that the discrete path
(
γ(t0), . . . , γ(tn)
)
is a
θ-discretisation of γ if γ(ti−1, ti) ⊆ B
(
γ(ti−1), θ
)
for every i = 1, . . . , n. We
will denote this θ-path by γ̂θ(t0,...,tn). We will systematically use the following
simple lemma:
Lemma 3.1. Every continuous path admits a θ-discretisation. If two paths α
and β are (freely) homotopic then any two discretisations α̂θt0,...,tn and β̂
θ
t′0,...,t′m
are (freely) θ-homotopic.
Proof. Fix the parameter θ > 0. For any continuous path γ : [0, 1] → X
consider the open cover of [0, 1] given by the preimages γ−1
(
B(x, θ2)
)
with
x ∈ X. By the Lebesgue’s Number Lemma, there exists N ∈ N large enough
so that for every t ∈ [0, 1] the segment [t− 1/N, t+ 1/N ] is fully contained in
one of those open set. It follows that letting ti := i/N for i = 0, . . . , N yields
a θ-discretisation of γ.
It remains to prove that continuous homotopies induce discrete homotopies.
Let H : [0, 1]2 → X be an homotopy between two paths α and β. As above,
we can use Lebesgue’s Number Lemma to deduce that there exists N ∈ N
large enough so that for every (t, s) ∈ [0, 1]2 the image under H of the ball
B
(
(t, s), 1/N
)
has diameter smaller than θ. Consider the map Ĥθ : [N ]2 → X
defined by
Ĥθ(i, j) := H
(
i
N
,
j
N
)
.
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Then the maps Ĥθ(·, 0) : [N ] → X and Ĥθ(·, N) : [N ] → X are θ-discreti-
sations of α and β respectively, and Ĥθ is a free θ-grid homotopy between
them.
To conclude the proof of the lemma it is hence enough to show that
any two θ-discretisations of the same path are θ-homotopic. This is readily
done. Let γ̂θt0,...,tn and γ̂
θ
t′0,...,t′m
be two θ-discretisations of a path γ. We can
assume that the inequalities t0 < . . . < tn are strict and—up to choosing a
common refinement for the discretisations—we can also assume that n 6 m
and that for every ti there exists a j > i so that ti = t′j . We now define a
surjective function f : [m] → [n] letting f(j) := max{i | ti 6 t′j}. Then the
θ-path
(
γ(tf(0)), . . . , γ(tf(m))
)
is a lazification of
(
γ(t0), . . . , γ(tn)
)
and it is
θ-homotopic to (γ(t′0), . . . , γ(t′m)) via a θ-grid homotopy consisting of a single
step.
The same proof clearly implies the statement for free homotopies as well.

From Lemma 3.1 it follows that there is a well-defined θ-discretisation
map ̂θ : pi1(X,x0) → pi1,θ(X,x0). As it is clear that the θ-discretisation
of a concatenation of paths is θ-homotopic to the concatenation of their
θ-discretisations, the map ̂θ is a homomorphism. To simplify the notation, we
will generally drop the specific times ti from the notation for the discretisation
of a path and simply write γ̂θ.
Note that, given θ′ < θ, any θ′-discretisation γ̂θ′t0,...,tn of a path γ is also a
θ-discretisation. Therefore Lemma 3.1 also implies that the following diagram
commutes:
pi1(X,x0)
pi1,θ′(X,x0) pi1,θ(X,x0).
̂θ′ ̂θ
and hence the discretisation maps induce a homomorphism to the inverse limit̂ : pi1(X,x0)→ lim←−pi1,θ(X,x0). We will denote the image of (the homotopy
class of) a continuous path γ by γ̂.
We can now prove the main result:
Theorem 3.2. If X is u.l.p.c. and u.s.l.s.c. then the discretisation map̂ : pi1(X,x0)→ lim←−pi1,θ(X,x0) is an isomorphism.
Proof. Injectivity : since X is u.s.l.s.c., there exists  > 0 so that every loop
contained in a ball of radius at most  is null-homotopic in X. Moreover,
since X is u.l.p.c. there exists a 0 < δ 6 /2 so that any two points in B(x, δ)
are joined by a path in B(x, /2). Fix a parameter 0 < θ < δ and let γ be a
continuous closed path whose θ-discretisation γ̂θ is trivial in pi1,θ(X,x0); we
claim that γ is null-homotopic in X.
We can assume that γ̂θ : [n]→ X is homotopic to the constant path via a
θ-grid homotopy H : [n]× [m]→ X. By construction, for every 0 6 i 6 n− 1
and 0 6 j 6 m there exist continuous paths αi,j joining the point H(i, j) with
H(i+ 1, j) and having its image completely contained in the ball of radius
/2 centred at H(i, j). Similarly, for every 0 6 i 6 n and 0 6 j 6 m − 1
there exist analogous paths βi,j going from H(i, j) to H(i, j + 1). We can
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H(0,0) H(1,0)
H(0,1)
H(n,0)
H(0,m) H(n,m)
α0,0 α1,0
αn−1,m
β0,0
β0,1
βn,m−1
ηi,j
Figure 1. Constructing a continuous homotopy
concatenate these paths to obtain a path ξi,j joining x0 to H(i, j) letting
ξi,j :=
[
(β0,0) · · · (β0,j−1)
][
(α0,j) · · · (αi−1,j)
]
. We now define some closed
loops as follows (see Figure 1):
ηi,j := (ξi,j)(αi,j)(βi+1,j)(α
−1
i,j+1)(β
−1
i,j )(ξ
−1
i,j ).
By construction, the loops ηi,j are null-homotopic and it is easy to see that
the path γ is homotopic to the product of the ηi,j (concatenating them in
the appropriate order), and therefore [γ] is the trivial element in pi1(X,x0).
It follows that the map ̂θ is injective and, a fortiori, ̂ is injective as well.
Surjectivity: a generic element of lim←−pi1,θ(X,x0) can be represented by a
family (Zθ)θ>0—where Zθ is a closed θ-path based at x0—so that for every
θ′ < θ we have Zθ′ ∼θ Zθ. Again, since X is u.l.p.c., for every θ > 0 there
exists a 0 < δ(θ) 6 θ such that any two points in B(x, δ(θ)) are joined by a
path in B(x, θ) (in what follows we assume δ(θ) to be a decreasing function
of θ). It follows that the points of the δ(θ)-path Zδ(θ) can be joined with
some small continuous paths and, concatenating these paths, we obtain a
continuous loop γθ and we see that Zδ(θ) is a θ-discretisation of γθ.
From the proof of injectivity it follows that there exists a θ¯ > 0 small
enough so that ̂θ¯ is injective. Note that for every 0 < θ < θ¯ we have
γ̂θ
θ ∼θ Zδ(θ) ∼δ(θ¯) Zδ(θ¯) ∼θ¯ γ̂θ¯ θ¯.
It follows that γ̂θθ and γ̂θ¯
θ¯ are θ¯-homotopic and hence γθ and γθ¯ are homotopic.
Therefore
γ̂θ¯
θ ∼θ γ̂θθ ∼θ Zδ(θ) ∼θ Zθ
for every 0 < θ < θ¯, and hence γ̂θ¯ = ([Zθ])θ>0 ∈ lim←−pi1,θ(X,x0). 
By Remark 2.1 we obtain the following:
Corollary 3.3 (Theorem 1.3). If the space X is l.p.c., s.l.s.c. and compact
then ̂ : pi1(X,x0)→ lim←−pi1,θ(X,x0) is an isomorphism.
Note that from the proof of Theorem 3.2 it follows that if X is u.l.p.c. and
u.s.l.s.c., then the projections lim←−pi1,θ(X,x0)→ pi1,θ(X,x0) are injective for
every θ small enough. However, such projections need not be surjective as
shown by the following example:
FUNDAMENTAL GROUPS AS LIMITS OF DISCRETE FUNDAMENTAL GROUPS 7
· · ·
X0
X1
X2
Figure 2. Example of space with non-surjective projections
Example 3.4. Consider in R3 the cylindrical shell whose bases are disks of
radius 1 centred at (0, 0, 0) and (1, 0, 0). Let X0 ⊂ R3 be the space obtained
by adding to the cylinder the segments joining
(
1
2 , e
kpi
4
i
)
with
(
1
2 ,
1
2e
kpi
4
i
)
for
k = 1, . . . , 8. Let X1 ⊂ R3 be a copy of X0, but translated by 1 on the x
coordinate and with the y and z coordinates rescaled by a half. Similarly, X2
is a translated and rescaled copy of X1 and so on. Finally, let X := ∪n∈NXn
be the ‘telescope space’ obtained taking the union all such cylinders (with
the ambient metric of R3). See Figure 2.
Now, X is u.l.p.c. and u.s.l.s.c. (in fact, it is simply connected). We can
hence use Theorem 3.2 to deduce that lim←−pi1,θ(X) = {0}. Still, for every
n ∈ N the discrete path in Xn ⊂ X given by the points
(
n + 12 ,
1
2n+1
e
kpi
4
i
)
represents a non-trivial θ-path in pi1,θ(X) for θ = ‖ 12n+1 e0 − 12n+1 e
pi
4
i‖.
One may think that it should be true in general that if ̂ : pi1(X,x0) →
lim←−pi1,θ(X,x0) is an isomorphism then the maps ̂ should be injective for θ
small enough. The next example shows that this is not the case.
Example 3.5. Let 12n · S1 be the circle of radius 1/2n in R2 equipped with
the metric dn induced from R2 and let X :=
∏
n∈N
1
2n · S1 equipped with
the `1 metric, i.e. d
(
(xn)n∈N, (yn)n∈N
)
=
∑
n∈N dn(xn, yn). One can then
check that he fundamental group of X is isomorphic to the direct product∏
n∈N Z and the discretisation ̂ is an isomorphism. Still, it easy to see
that pi1,θ(X,x0) is isomorphic to a product of only finitely many copies of Z
because the small loops do not contribute.
4. The counterexamples: surjectivity
In this section we show how the surjectivity of ̂ may fail if one hypoth-
esis among local path connectedness, semi-local simple connectedness and
compactness is dropped.
Example 4.1 (not compact). In R3, for every n ∈ N let Sn be the unit circle
centred at (0, 0, n) lying on the plane orthogonal to the axis (0, 0, 1), and let
Yn ⊂ Sn be the subset of points at angle 2pi k+1/22n for some k ∈ N. Consider
now the space X ⊂ R3 obtained as the union of the segments joining a point
in Yn with the two closest points in Yn+1 (see Figure 3a). The space X
is contractible, as it is homeomorphic to a tree, still it is easy to see that
lim←−pi1,θ(X) contains Z as a subgroup.
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Y1 Y2 Y3 Y4Y0
(a) Non compact example
(b) Non locally path connected example
a1a2a3
(c) Hawaiian earring
γ
(d) Hawaiian window
Figure 3. Counterexamples to surjectivity
Example 4.2 (not l.p.c.). In R2, let X be the union of the graph of the
function sin(1/x) for x ∈ (0, 1] with the segment I joining (0,−1) to (0, 1)
and a path joining one end of the graph to I (see Figure 3b). This space is
compact and simply connected, but lim←−pi1,θ(X) = Z.
Example 4.3 (not s.l.s.c.). Let X be the Hawaiian earring, i.e. the union of the
circles of radius 1/n centred at (1/n, 0) in R2 (Figure 3c). This space is the
most common example of a non locally simply connected space and—despite
still being a rather mysterious object—its fundamental group has been quite
thoroughly studied. It is known that pi1(X) injects in the projective limit of
the fundamental group of the largest cycles pi1(X) ↪→ lim←−n
(
Z∗n
)
but its image
(which can be completely described) is not the whole group. Specifically, let
Fn = Z∗n be freely generated by the set {a1, . . . , an}, labelled so that the
projection Fn+1 → Fn is the map sending an+1 to the identity. Let wn be a
reduced word in Fn and let (wn)n∈N represent an element of lim←−n
(
Fn
)
. Then
(wn)n∈N is in the image of pi1(X) if and only if for every i ∈ N the number of
times that the letter ai appears in wn is bounded uniformly on n (and hence
eventually constant)[MM86, Eda92].
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∪ =
B1
A
B2
γ
(a) Non locally path connected example
∪ =C
B
A
γ
(b) Non semi-locally simply path connected
Figure 4. Counterexamples to injectivity
Now one can show that for every n ∈ N there is an appropriate value of θ so
that pi1,θ(X) ∼= Fn, and that the discretisation ̂ coincides with the injection
pi1(X) ↪→ lim←−n
(
Z∗n
)
mentioned above. In particular, the discretisation
homomorphism is not surjective.
Judging from the above example, one might hope to be able to characterise
the image of pi1(X) into lim←−pi1,θ(X) as the ‘sequences of words (in some
generating set of pi1,θ(X)) whose projections in pi1,θ(X) are eventually constant
for every fixed θ’. The next example shows that this is unlikely.
Example 4.4 (not s.l.s.c. bis). LetX0 ⊂ R2 be the (empty) square with corners
(1, 1), (−1, 1), (−1,−1), (1,−1) and let X1 be obtained from the square X0
by adding the central cross (i.e. the two segments joining (−1, 0) to (1, 0)
and (0,−1) to (0, 1)). Now, let Xn+1 be obtained from Xn by adding the
central crosses to all the left-most squares of Xn and let X =
⋃
nXn be a
“Hawaiian window”.
Consider now the infinite path γ : [0,∞)→ X starting from the far right
and zig-zagging from the top to the bottom while moving to the left—as the
graph of sin(1/x) would do—(see Figure 3d). For every θ, the discretisation
γ̂θ is θ-homotopic to a finite θ-path, and hence (by closing up the loop) γ
can be used to define an element in lim←−pi1,θ(X). Still, γ is not homotopic to
any continuous path γ′ : [0, 1]→ X and hence γ̂θ cannot be in the image of
pi1(X), despite having ‘constant projections onto pi1,θ(X)’.
5. The counterexamples: injectivity
As in Section 4, we show how injectivity of ̂ may fail if one hypothesis is
dropped.
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F (x1)
F (β1)
z1
F (x2)
z2
c1
Figure 5. Choosing appropriate paths and points in the
subset C ⊂ X
Figure 6. Counterexamples to injectivity
Example 5.1 (not compact). It is sufficient to consider R2r{0}, or a manifold
with cusps if one still desires completeness.
Example 5.2 (not l.p.c.). In R3, consider the graph of z = sin(pi/x) as (x, y)
range in [0, 1] × [−1, 1]. Let X ⊂ R3 be this graph together with the limit
square A and two squares B1, B2 running sideways the graph as in Figure 4a.
The path γ cutting through these three squares and closing up straight
through the graph of sin(1/x) is not homotopic to a constant path.
Indeed, if there was a continuous map F : D → X with F |∂D = γ (here
D is the disk) then there would be a path α in Dr F−1(B1 unionsqB2) joining a
point of F−1(A) to a point X r F−1(A ∪B1 ∪B2). But this is impossible,
as F ◦ α would be a path reaching the limit square A by running along the
graph of sin(1/x).
Example 5.3 (not s.l.s.c.). The basic idea is similar to that of Example 5.2,
but it is a little more technical. Instead of adding to the graph of sin(pi/x)
three squares, the space X is obtained adding a whole triangular prism built
over the triangle with vertices (0,−1), (0, 1), (1, 1). Moreover, we also add on
the vertical plane passing through (0,−1), (1,−1) the subset of R2 obtained
by filling in the space contained between the graph of sin(pi/x) and the
x-axis as x ranges in (0, 1] (see Figure 4b). Let B denote the prisms, C the
subset of the plane before mentioned and A the segment joining (0,−1,−1)
and (0,−1, 1). We claim that the same path γ as in Example 5.2 is not
homotopically trivial.
Assume by contradiction that γ is null-homotopic. Then there is a map
F : D→ X that coincides with γ on ∂D. Let xn ∈ ∂D be the point sent to
the midpoint between
(
1
n ,−1, 0
)
and
(
1
n+1 ,−1, 0
)
, and let zn ∈ C ⊂ X be
the point on the vertical line through F (xn) lying at distance 1/2 away from
F (xn) (Figure 5). Let also cn ⊂ Cn denote the graph of sin(pi/x) as x ranges
in
[
1
n+1 ,
1
n
]
. Note that cn disconnects X.
It is simple to show that the image of F must contain the whole of X rB.
Moreover, using some extra care one can also show that we can choose a point
FUNDAMENTAL GROUPS AS LIMITS OF DISCRETE FUNDAMENTAL GROUPS 11
yn ∈ F−1(zn) and a path βn connecting xn to yn such that the image F (βn)
does not intersect curve cn (Figure 5). In particular, any path F (βn) with n
odd stays at distance at least 1/2 from all the points zm with m even (and
vice versa). Since D is compact, the map F must be uniformly continuous,
and hence there exists an  > 0 such that the path βn with n odd stays at
distance at least  from all the points ym with m even (and vice versa).
Since D is compact, both the sequence (y2n)n∈N and (y2n+1)n∈N will admit
converging subsequences. It follows that there exist intertwined indices
2n < 2m + 1 < 2n′ < 2m′ + 1 such that both dD
(
y2n, y2n′
)
< 2 and
dD
(
y2m+1, y2m′+1
)
< 2 . We can hence join up those pairs of points with
segments of length at most /2. Concatenating these small paths with the
paths β2n, β−12n′ and β2m+1, β
−1
2m′+1 we would obtain two disjoint continuous
paths in D linking intertwined pairs of points of ∂D, which yields the desired
contradiction.
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